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1. PREL IMINARIES  
There are many f ixed-point heorems. See [1] for an introduct ion to f ixed-point heory and [2] for 
an introduct ion to the appl icat ions of f ixed-point heorems to discrete and continuous boundary  
value problems. In this paper,  we generalize the tr iple f ixed-point theorem of Leggett -Wi l l iams [3]. 
The general izat ion is the result of changing the order in which the existence of fixed points are 
determined,  with regards to subsets of a cone, and the introduct ion of continuous functionals 
on the cone satisfying certain properties. We conclude the paper  with an appl icat ion to a dis- 
crete boundary  value problem. In the remainder of this section, we provide some background 
definitions. 
DEFINITION 1. Let  E be a real Banach space. A nonempty  closed convex set P C E is called a 
cone i f  it satisfies the following two conditions: 
(i) x c P ,  A >_ O, implies Ax E P;  
(ii) xEP ,  -x  E P ,  implies x = O. 
Every cone P C E induces an ordering in E given by 
x<y,  if and only i fy -xEP .  
0898-1221/01/$ - see front matter (~) 2001 Elsevier Science Ltd. All rights reserved. Typeset by .A.h/~S-TEX 
PII: S0898-1221 (01)00156-0 
314 R. 1. AvFmY AND A. C. PETERSON 
DEFINITION 2. An  operator is called completely continuous if'it is continuous and maps bounded 
sets into precompact sets. 
DEFINITION 3. A map c~ is said to be a nonnegative continuous concave timctional on a cone P 
or" a real Banach  space E if  
ct : P ~ [0, oc) 
is continuous and 
~(tx + (1 - t)y) > t~(.%,) + (1 - t)~(v) 
for all :r, p E P and t ~ [0, 1]. Similarl3~ we say the map [3 is a nonnegative continuous convex 
thnctional on a. cone P of a real Banach space E if' 
iN contil]UOUS and 
/~ :P+ [0, oo) 
~(t.~: + (1 - t)V) _< t/~(:~:) + (1 - t)/~(V) 
tbr all z, 9 C P and t ~ [0, 1]. 
Let ?' and O be nonnegat. ive cont inuous convex f lmctionals on P ,  o' be a nonnegat ive  cont inuous  
conc~wc funct ional  on _P, and ~', be a nonnegat ive  cont inuous funct ional  on P .  Then  for posit ive 
real numbers  a, b, c, and d, we define the following sets: 
P(c~, d) = {.%, e t": v(:,:) < d},  
P(~/, ~,, t,, d) = {:,: e P :  b < ~,,(:,-), ~,(:,,) < d},  
P(~,, 0, ~, b, c, d) = { ,  ~ P :  b _< (~(~-), O(:,0 _< c, ~(~) _< d},  
a l ld  
R(~,,,,~,, a, d) = {x < P :~ <_ ~,(x), ~(.~:) _< d}. 
DEFINITION 4. I f  D C E and 7" : E ~ D is continuous ,vith r (z )  = z for all ~" E D, then we call 
the set D a retract of E and the map r a retraction. 
The convex hull of a subset D of a real Banach space X is given by 
conv(D)  = Ai:& : z~ ~ D, Ai ~ [0, 1], Ai = 1, and '~ E N . 
t i= l  i=1 
The fbl lowing theorem is due to Dugundj i ,  and a proof (:an be found in [41. 
TIIEOREM 5. Let X and Y be Banad]  spaces, D C X be dosed, and 
F :D-~Y 
be continuous. Then F /]as a continuous extension 
F :X  +Y 
such that 
F(X)  C conv(F (D) ) .  
COIROLLARY 6. Evely closed convex set of a Banach  space is a ret ract  of the Baimch space. 
Note that  it, follows fl'om Corol lary 6 thai, a cone P of a real Banach  space E is a retract  of E. 
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2. F IXED-POINT  INDEX 
The following theorem which establishes the existence and uniqueness of the fixed-point index 
is from Guo and Lakshmikantham [5]. An elementary proof can be found in [4]. The proof of 
the generalization of the Leggett-Williams Fixed-Point Theorem in the next section of this paper 
will invoke the properties of the fixed-point index. 
THEOREM 7. Let X be a retract of a real Banach space E. Then, for every bounded relatively 
open subset U of X and every completely continuous operator A : U --* X which has no fixed 
points on OU (relative to X ), there exists an integer i ( A, U, X)  satisfying the following conditions: 
(G1) Normality: i(A, U,X)  = 1 if Ax - Yo E U for any x E -U. 
(G2) Additivity: i(A, U, X )  = i(A, U1, X )  + i(A, U2, X)  whenever U1 and U2 are disjoint open 
subsets of U such that A has no fixed points on U - (U1 U Ue). 
(G3) Homotopy Invariance: i(H(t,  .), U, X)  is independent oft E [0, 1] whenever H :  [0, 1] x U 
X is completely continuous and H(t, x) ¢ x for any (t, x) E [0, 1] x OU. 
(G4) Permanence: i(A, U, X)  = i(A, U C~ K Y)  i fY  is a retract of X and A(U) C Y.  
(G5) Excision: i( A, U, X)  = i( A, Uo, X)  whenever Uo is an open subset of U such that A has 
no fixed points in U - Uo. 
(G6) Solution: i l l (A ,  U ,X)  ¢ 0, then A has at least one fixed point in U. 
Moreover, i(A, U, X )  is uniquely defined. 
3. F IXED-POINT  THEOREMS 
The proof of the following fixed-point theorem can be found in [5]. 
THEOREM 8. Let X be a retract of the real Banach space E and X1 be a bounded convex 
retract of X .  Let U 5e a nonempty relatively open subset of X with U C X1. Suppose that 
A : X1 --* X is completely continuous, A(X1) C X1, and A has no fixed points on X1 - U. Then 
i(A, U, X )  = 1. 
COROLLARY 9. SCHAUDER FIXED-POINT THEOREM. Let X be a nonempty bounded closed 
convex set of the real Banach space E. Suppose that A : X --* X is completely continuous. Then 
i(A, X,  X )  : 1. 
The following theorem is a generalization of the Leggett-Williams Fixed-Point Theorem. 
THEOREM 10. Let P be a cone in a real Banach space S. Let ~/ and 0 be nonnegative continuous 
convex functionals on P, ct be a nonnegative continuous concave functional on P, and ~ be a 
nonnegative continuous functional on P satisfying ¢(Ax) G A~(x) for 0 G ~ G 1, such that for 
some positive numbers M and d, 
a(x) _< ¢(x) and Irxll -< MT(x), 
for all x E P(% d). Suppose 
A: P(%d) --* P(%d) 
is completely continuous and there exist positive numbers a, b, and c with a < b such that 
(i) {x E P(% 0, a, b, c, d) : a(x) > b} ¢ O and a(Ax)  > b for x E P(7, O, a, b, c, d); 
(ii) a(Ax)  > b for x E P(7, a, b, d) with O(Ax) > e; 
(iii) O ~ R(% ~,a,d)  and ¢(Ax)  < a for x E R(% ~,a,d)  w i the(x )  = a. 
Then A has at least three fixed points x l ,x2,  x3 E P(7, d), such that 
3'(xi) < d, for i = 1, 2, 3; 
b < c~(xl); 
a < ¢(x2), with cffx2) < b; 
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PROOF. Let 
al ld  
It. I. AVERY AND A. C. PETEI~SON 
~X:c3) < o. 
x = P(7 ,  (1), 
u = {~. ~ P (> ~, b, d) :o  (:,:) > b}, 
Thus, U and V are two nonemI)ty bounded (since Ha: H <_ .~I^/(cc) < Md for all :r ~ X) ol)en 
sets relative to the closed, convex set X. Also if :r E U, then ¢(:r) _> o,(:r) > b > (,, and hence 
:c c V. Therefore U c V. By (i) we can choose zl E P (7 ,0 ,  o: ,b,c,d) with ct(z~) > b. Let 
Ht  : [0, 1] x U -+ X be defined by 
Hl(t,:c) :=  tzl + (1  - t)A:c. 
It. is easy to see that H1 : [(I, 1] x U -~ X is completely continuous. 
CLAIM 1. Hi(t ,a:)  ¢ :c for all (t,a:) C [0,1] x OU. 
Suppose to the contrary, that is there exists (t~, :c~) ~ [0, 1] x 8U such that 
Hi(t1, a:t) = 2;1 .  
CASE 1. O(A:cl) > c. 
By assmnption (ii), o,(Aa:~) > b, and hence 
~ (:cl) = (~ (t lZl + (1 - t l) Aah) > tl(* (zt) + (1 - re)o,(Aa;~) > b, 
which is a contradiction since :rl d OU implies that o:(:rl) = b. 
CASE 2. O(Az l )  < c. 
We have a;] C P(?/, O, a, b, c, d) by definition since ct(ah) = b and 
O(:rl) O(tlZl + (1 -- t l )  A,~:I) <t lO(Z l )+(1- t l )O(Aa: l )<c .  
Therefore, ~t(Azl) > b by assumption (i), which is the same contradiction we found in the 
previous case. 
Thus, by the homotopy invarianee and normality I)roperties of the fixed-point index, we have 
'i(A, U, X) = i (~,  U, X)  = 1. 
Let H'2 : [0, 11 x V --~ X be defined 1)y 
H.2(t, :r) = tAw. 
It is easy that  H9 : [0, 1] x V --+ X is completely continuous. 
CLAIM 2. Hg(t,a:) ¢ z for all (t,:c) C [0, 1] x ?)V. 
Suppose, to the contrary that there exists (t2, :r2) G [0, 1] x OV such that 
H2 (t> a:2) = z2. 
rFhus, by (iii) 
which is a contradiction since :r2 ~ OV implies t.h~t ¢@~:2) a. 
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Thus, by the homotopy invariance and solution properties of the fixed-point index, we have 
i(A, V, X)  = i(O, V, X)  = O. 
Since A : X --~ X and X is a noneinpty, closed, bounded, convex subset of a Banach space, we 
have by the Schauder Fixed-Point Theorem, Corollary 9, that 
i(A, X, X)  = 1. 
Hence, by the additivity property 
i (A, X - V, X)  = i(A, X, X)  - i(A, If, X)  = 1 
and 
i (A, V - -U, X)  = i(A, V, X)  - i(A, U, X)  = -1. 
Therefore, by the solution property of the fixed-point index, there exist three fixed points 
Xl, x2, x3 E P(')', d) such that 
and 
7(xi)  <_d, fo r i= l .2  3; 
b < ~ (x~); 
a < ~ (x2), with a (x2) < b; 
¢(x3) < a. I 
4. APPL ICAT ION 
In this section, we give an application of Theorem 10. We will assume the reader has an 
understanding of Green's functions and their applications. Books on the subject include [6,7]. 
Consider the discrete second-order nonlinear conjugate boundary value problem, 
A2z( t -  1) + f(z(t)) = 0, for all t E [a + 1 ,b+ 1], 
x(a) = 0 = x(b + 2), 
(1) 
(2) 
where f : R ~ R is continuous and f is nonnegative for x _> 0. We are interested in proving 
the existence of three positive symmetric solutions of (1),(2). We say x(t) is a positive solution 
of (1),(2) provided x(t) >_ 0 on [a, b + 2], and we say x(t) is symmetric provided 
x( t  + z) = x(b + 2 - ~) 
for z E [0, [(b + 2 - a)/2]]. The solutions of (1),(2) are the fixed points of the operator A defined 
by 
b+l 
Ax(t) = E G(t ,s)f(x(s))  
s=a+l  
for t E [a, b + 21, where 
{ ( t -a ) (b+2-s )  b+2 -a  a( t ,  s) = (s - a)(b + 2 - t) 
b+2-a  
is the Green's function for the operator L defined by 
, if t_< s, 
, i f  s < t, 
Lx(t) = -A2x( t -  1) 
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with boundary conditions 
.~:(~) = o = .,:(b + 2). 
Define 
E = {:~.: [~, ~ + 2] -~ R 1 * (a )  = 0 = . (b  + 2)} ,  
where 
a<t<b+2 
and the cone P C 13 is defined by 
a:c E 
z is nonnegative valued on [a,b+2], 
:c is concave and symmetric, / 
~nd ~,(~) > Zllxll 
where I is given in (9). Let. the nonnegative continuous concave functional ct, the nonnegative 
continuous convex functionals 0, 7, and the nonnegative continuous functional tb be defined on 
the cone P by 
7(:~) = max .,(t), (3) 
t E [~z,r* + l,']U[b+ 2-  k,b+ 2] 
0(:,:) = m~,x  :,'(t), (4) 
tC [.+p,b+2-p] 
~;,(:~) = rain :,:(t), (5) 
tC[a+r,b+2-r] 
(~(~-) = ,,~in :~:(t), (6) 
tC[~,+o,b+2-p] 
where p, k, and 7' are integers uch that 
l<r< Lb+2-a J  
2 
1 <p_<r ,  
and 
O<k< [b+2-a J  " 2
We will make use of various properties of G(t, s). which include 
b+l 
(b + 2 - t~)(t - ~) 
a( t , , )  = 2 
.s=a+l 
for t ~ [o, b + 2], 
D:= 
b+2-p  
E G(a+p,s )= 
.s=a+p 
2(b + 2 - a) 
all([ 
min G(k, s) 
,<[o+i,v+11 G (L(b + 2 + @/2J, s) 
z 
(7) 
(s )  
i :=  t(~ + 2 - o , ) /2 j  (9) 
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LEMMA 11. I f  X E P, then Ax E P. 
PRooe.  Let x E P and z E [0, [(b + 2 - a)/2J]; then 
Ax(a + z) = 
b+l 
E G(a + z ,s) f (x(s) )  
s=a+l  
b+l 
= E G(a+z ,s ) f (x (b+2+a-s ) )  
s=a+l  
b+l 
= Z G(b+2-z ,b+2+a-s ) f (x (b+2+a-s ) )  
s=a+l  
b+l 
= ~ a(b + e - z, s)f(x(s)) 
s=a+l  
= Ax(b + 2 - z). 
Hence, Ax(t) is symmetric on [a, b + 2]. Also, 
7(Ax) = 
b+l 
Z 
s=a+l  
b+l 
E 
s=a+l  
-> [(b+2-a)/2J Z 
s=a+l  
- -  IIIAzll. 
G(k,s) f (x(s))  
a( [ (b+2+a) /2 J , s )  G 2 ,s f(x(s))  
a ([b+ ~ +aJ ,s) f(x(s)) 
For te  [a + 1, b+ 1], 
A2Ax( t -  1) = - f (x ( t ) )  < O, 
and thus, Ax is concave. Finally, Ax(O) = 0 = Ax(b + 2) and Ax(t) > 0 for t E [a, b + 2]; thus, 
A:P~P.  
For constants a', b', and d ' with a ~ < b ~ < d ~, define the following constants: 
2d I
C1 = 
(k -  a ) (b+2-  k) '  
2a * 
c2  = 
r (b+2 - a - r ) '  
C=min{C1,C2},  
and 
c' = b' [(b + 2 - a)/2J 
P 
We now present our application of Theorem 10. 
THEOREM 12. Suppose f satis/ies the [ollowing conditions: 
(i) f (x)  < C for all x E [O,d'/I]; 
(ii) f (x)  > b'/D for x E [b', c']. 
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Theli. the discrete second-order boundary value problem has three positive symmetric soJutions 
xl, x2, x3 ~ P(% d') such that 
alld 
~/(x,) < d', tbr i = 1, 2, 3; 
b' < ct(x~); 
a' < ~:,(x2), with a:(z2) < b'; 
~'.'(x3) < d. 
PROOF. We need to verify that the completely continuous operator A satisfies the hyi)otheses of 
Theorem 10. Let x ~ P and k ~ [0, 1]; then 
(,(:,:) = :~.(~ + p) <_ :~(~ + ~') = ~(:,:), 
.~(~,:~) = ~,:~:(~ + ~.) _ ~,,~,(~), 
and 
Also, 
¢,(o)  = o < ~', 
and thus, 0 ~ R(%'~'.,,a',d'). 
xf :~. ~ P(> d'), the~, tl=:H <- %~:)/1 < d' /L and by assumption (i) we have 
7(A:r) = max Ax(t) 
tE[a,a +k]o[b4- 2-k,b+ 2] 
b+l 
= ~ c(k ,  ~).t(:,:(~)) 
,~=a+ 1 
b+l 
< c Z c(a,,.~) 
b+l 
~ C1 ~ C(~;,5) :d r '  
Therefore, A : P(% d') -~ P(h', d'), since we have A : P ~ P by Lemma 11. It is immediate that 
{w e P (v, e, ~, b', ~;', g') : (~(,,.,) > ~'} ¢ O. 
In the fbllowing claims, we verify the remaining conditions of Theorem 10. 
CLAIM 1. If X ~ R(? ,  ~',, a', d') with 'd?(x) -- a', then ¢)(Ax) < a'. 
~Ib see this, note that 
b+ 1 
n~in ~ C(t, ~')J'(:d,~)) 
t E [a+r ,b+ 2 -  7"] s =a+ 1 
b+l 
s=a--1 
b+l 
< c Z ¢ ( "+""~)  
s--a÷1 
b+l 
<_ C2 ~ c(~, + ',', s) = o'. 
s--a+1 
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CLAIM 2. If x ¢/)(7,  ~t, b', d'  with O(Ax) > c', then a(Ax)  > b t. 
~b see this, note that 
~(A~) = 
b+l 
nIlI] Z C( t , s ) f (x (s ) )  
tC[a+p,b+2-p] 
s=a+l  
b--I 
: ~ c( .  + ,,.~)f(.~:(.~)) 
s - -a+l  
s:a+l [(t777-Ta~2J, ~) } c ( 
> L(b+2-a) /2 Je  ~=.+1 
=([ (b+ 2 p---a)/2j) O(Ax) 
( P )c/=bL 
> L(b + 2 - . ) /2 j  
2 ,s .f(x(s)) 
2 ,,~ f ( :ds) )  
CLAIM 3. If X C P(7, 0, ~, b', c', d'), then a:(Ax) > b'. 
To see this, note that 
b+l 
¢)(Ax) = rain Z G(t ,s ) f (x(s) )  
t E [a+p,b+2-p] 
s=a+ 1 
b+l 
: ~ c(~ +, ,  s).f(;(s)) 
,'~=a+ 1 
b+2-p 
3--a4-p 
b+2-p 
> (5) z 
s=a+p 
Therefore, the hypotheses of Theorem 10 are satisfied trod there exist, three positive fixed points 
z'l x'2,x3 ~ P(% d ~) for the operator A corresponding to positive symmetric solutions to the 
discrete second-order conjugate boundary value problem (1),(2) such that 
"7(xi) <_ d', for i = 1, 2.3 
b' < a(:cj); 
a' < ~,(:c2), with (ffa:,2) < b'; 
and 
'~(x3) < ~'. I 
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